Abstract-In this paper, we derive the decision-feedback (DF) discrete Fourier transform (DFT)-based channel estimation method from Newton's method for space-time block code (STBC)/ orthogonal frequency division multiplexing (OFDM) systems. Through our derivation, the equivalence between Newton's method and the DF DFT-based method is established. Computer simulations are also used to demonstrate the equivalence of the two methods in terms of BER and normalized square error (NSE) performance. Finally, the results presented in this paper also hold for conventional OFDM systems.
I. INTRODUCTION
T HE discrete Fourier transform (DFT)-based channel estimation method derived from the maximum likelihood (ML) criterion is originally proposed for orthogonal frequency division multiplexing (OFDM) systems with pilot preambles [1] - [5] . In order to save bandwidth and improve system performance, decision-feedback (DF) data symbols are usually exploited to track channel variations in subsequent OFDM data symbols, and this method is called DF DFT-based channel estimation [1] - [3] . However, the working principle of this empirical method has not been explored from the viewpoint of Newton's method in previous studies. This paper derives the DF DFT-based channel estimation via Newton's method for space-time block code (STBC)/OFDM systems. In this way, the equivalence between the two methods is established. Our results indicate that both methods can be implemented through the same four components: a least-square (LS) estimator, an inverse DFT (IDFT) matrix, a weighting matrix, and a DFT matrix, but with different connections. On one hand, the gradient vector in Newton's method can be found by calculating the difference between an estimated channel frequency response and an LS estimate, followed by the IDFT operation. On the other hand, the inverse of the Hessian matrix in Newton's method is just the weighting matrix operation in the DF DFTbased method.
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II. STBC/OFDM SYSTEMS
Consider an STBC/OFDM system in Fig. 1 with N T transmit and N R receive antennas, employing K subcarriers among which M subcarriers are used to transmit data symbols and the other K −M subcarriers are used as either a DC subcarrier or virtual subcarriers. Assume that the set of data subcarrier indices is denoted as Q ⊆ {1, . . . , K}. At subcarrier k ∈ Q and after symbol mapping, P modulated data symbols
. As a simple example, for a 2 × 2 Alamouti's STBC, we have
Note that these signal sequences possess the orthogonal property, given by We assume that both timing and carrier frequency synchronization are perfect, and that the length of channel impulse response is always smaller than the length of the CP. Another assumption here is that the channel is quasi-static over the duration of a time slot, including N L OFDM data symbols, but it varies from one time slot to another. Hence, at the output of the OFDM demodulator in Fig. 1 , the N L successively received OFDM data symbols at the jth receive antenna are given by 
III. DF DFT-BASED METHOD AND NEWTON'S METHOD

A. DF DFT-Based Channel Estimation Method
As shown in Fig. 2 , the block diagram of the DF DFT-based channel estimation method is composed of an LS estimator, an IDFT matrix, a weighting matrix, and a DFT matrix [2] - [5] . The LS estimator exploits DF data symbols to produce an LS estimate, which is a noisy estimation of channel frequency response. After taking the IDFT to transform the estimate to time domain, we can improve this estimate by using a weighting matrix which depends on the performance criterion chosen, either ML or minimum mean square error (MMSE) [3] [5] . Finally, the enhanced estimate is transformed back to frequency domain to obtain a new estimate of channel frequency response.
B. Channel Estimation via Newton's Method
is first formed by a summation of G complex sinusoids as follows:
where μ
is a complex fading gain to be tracked in subsequent time slots. From (1) and (2), the joint channel estimation and data detection problem can be formulated in an ML estimation framework as follows:
where Θ = {Θ 1 , . . . , Θ NS } is a subset of Q over which we execute the summation, s denotes the data symbols which are STBC encoded and transmitted over subcarriers Θ, and N S denotes the cardinality of Θ. In addition, we define μ
and y = [y
Because it is hard to solve (3) directly, we yield a simplified optimization problem by relaxing (3) as follows:
Assuming that
is known, it is straightforward to solve the minimization problem with respect to s first by applying the STBC decoding algorithm [6] [7] , and we havê
is the signal after diversity combining [6] [7] . Notice that (5) might converge to local minima, leading to bit error rate (BER) performance loss, as compared with (3), particularly when the initial choice of
is not accurate enough. By rewriting (5), we havê
where notations Υ I (·) and Υ Q (·) denote the real and imaginary part of the notation Υ(·), respectively. For simplification, we drop the variable notation "(y)" in D(y) hereafter except otherwise stated. Now we use Newton's method to find the minimum of (6), and the well-known iterative formula of Newton's method is provided in the following [8] :
where v is the iteration index and v = 1, . . . , V ,ŷ v is the estimated channel state information (CSI) obtained at the vth iteration, g v is a search vector associated with g = E −1 q at y =ŷ v−1 in which E and q are the Hessian matrix and the gradient vector of D, respectively, and (·) −1 represents the matrix inverse. Thus, the uth entry of q is calculated as
where (y) u is the uth entry of y. The partial derivative of ∂Ψ , straightforward calculation using (6) shows that for j = j , we have
Otherwise, i.e. if j = j , we have
Next, we compute the (m, u)th entry of E as
where the terms involving the second derivative of Ψ (j)
are all equal to zero. Since the variable in y is either α
in turn. By using (9)-(14) and the orthogonal property of STBC, as described in Section II, it follows that
According to (14)-(16), we can make two observations. One is that the matrix E is related not only to the multipath delay l but also to the estimate of the total transmitted signal energyĈ[k] at the kth subcarrier for each transmit antenna. The other observation is that the matrix E is a block diagonal matrix. Owing to the second observation, the iterative channel estimation method in (7) can be further simplified to 
C. Equivalence between Newton's Method and DF DFTBased Method
We now turn our attention to deriving the equivalence between Newton's method and the DF DFT-based channel estimation method. By using (8)- (12) 
∂D/∂μ (j,i) I
+ j∂D/∂μ (j,i) Q , the gradient vector q (j,i) in (17) is rewritten in a complex vector form as follows
where
T , each element of which is calculated by
Moreover, F (j,i) is an N S × G truncated DFT matrix, with the (m, l)th element given by exp{−j2π(Θ m −1)(l−1)/K}, and (·)
H is the Hermitian matrix of (·). By substituting
and applying the orthogonal property as described in Section II, a more meaningful expression is provided by rewriting (19) in a column vector form:
As shown in Appendix B, the matrixẼ
in effect acts as a path decorrelator to decorrelate inter-path interference. It is desirable for the path decorrelator to be independent of
only needs to be calculated once in each OFDM frame, containing several time slots. One way to achieve this is to normalize
To be precise,Ẽ (j,i) in (23) can be equivalently expressed as
Finally, a truncated DFT matrix is applied to (21) to extrapolate the overall channel frequency response as followsM
is the estimated channel frequency response at the vth iteration, with respect to the channel frequency response
v−1 belongs to the subspace spanned by F (j,i) , and
H is an orthogonal projection onto this subspace. From matrix theory, these two observations imply that
Hence, the vectorM
v−1 implicitly contained in the right side of (24) is zero. As a result, (24) is reduced to the DF DFT-based channel estimation method and the equivalence can be expressed as
where we defineΔ
is the calculation with respect toḡ
v−1 . The above derivation clearly establishes the mathematical equivalence between Newton's method of (24) shown in Fig.  3a and the DF DFT-based method of (26) shown in Fig. 3b . Our results indicate that both Newton's method and the DF DFT-based method for channel estimation in STBC/OFDM systems can be implemented through four components: an LS estimator, an IDFT matrix, a weighting matrix, and a DFT matrix. According to (18) and (22), we can also observe that the process of calculating the difference between the estimated channel frequency response M (j) [k] and the LS estimatê
, is equivalent to forming the gradient vector in Newton's method. Moreover, the weighting matrixẼ 
D. Simulation and Verification of the Equivalence between Two Methods
The equivalence of the two methods is also verified by simulation, and the results are given in Fig. 4 and Fig. 5 , with parameters listed in Table I . We assume that the CSI in the previous time slot is known and utilized to initialize channel estimators. The parameter f d denotes the maximum Doppler frequency, normalized to subcarrier spacing. The BER curve for ideal CSI is also provided for the purpose of calibration. As observed in the two figures, the equivalence of the two methods is demonstrated in terms of the performance of BER and normalized square error (NSE) between true and estimated CSI.
IV. CONCLUSIONS
In this paper, we present a derivation on the equivalence between Newton's method and the DF DFT-based method for channel estimation in STBC/OFDM systems. The results could provide useful insights for the development of new algorithms. For example, extending the DF DFT-based method to the Levenberg-Marquardt method is quite simple through this equivalence, which is particularly helpful when the inverse for the weighting matrix does not exist [8] . As another example, a few pilot tones can be applied to form a gradient vector at the first iteration by using (21) and to help the DF DFT-based method jump out of local minimum, thus improving the BER performance in fast fading channels [11] . Finally, it is worth mentioning that the derivation and the relationships explored in this paper are also valid for conventional OFDM systems since they are only simplified cases of the systems discussed in this paper. In this appendix, we provide an explanation ofẼ . For simplicity, we assume that the DF data symbols are all correct, i.e.,X[k] = X[k], and neglect noise terms. Therefore, the LS estimate in (20) for channel H (j,i) [k] given in (1) becomes
